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SPECIAL LAGRANGIAN SUBMANIFOLDS IN Cn WITH FLAT AND
FUBINI-STUDY METRICS
HIROSHI NAKAHARA
Abstract. We give a necessary and sufficient condition for a special Lagrangian sub-
manifold in Cn constructed by Lawlor being also special Lagrangian in (Cn, ωFS), where
ωFS is the Fubini-Study form.
1. Introduction
In [3], McLean proved that the moduli space of compact special Lagrangian deforma-
tions in Calabi-Yau manifold is a smooth manifold of dimension of the 1th Betti number b1
of the special Lagrangian submanifold. Gross, Huybrechts and Joyce extended this result
to almost Calabi-Yau case in [1]. The moduli space of non-compact special Lagrangian de-
formations in (almost) Calabi-Yau manifold is also studied. We construct a non-compact
special Lagrangian submanifold in almost Calabi-Yau (Cn, ωFS, dz1 ∧ · · · ∧ dzn). Our am-
bient spaces are always the complex Euclidean space Cn with coordinates zj = xj + iyj
and the standard almost complex structure J with J(∂/∂xj) = ∂/∂yj . In C
n, we con-
sider the standard symplectic form ωst = (i/2)
∑n
j=1 dzj ∧ dz¯j , the Fubini-Study form
ωFS = (i/2)∂∂¯ log(1+|z1|
2+· · ·+|zn|
2) and the holomorphic (n, 0)-form Ω = dz1∧· · ·∧dzn.
Then (Cn, J, ωst,Ω) is Calabi-Yau and (C
n, J, ωFS,Ω) is almost Calabi-Yau. A Lagrangian
submanifold is a real n-dimensional submanifold on which the symplectic form vanishes. A
Lagrangian submanifold L in (Cn, J, ωst,Ω) or (C
n, J, ωFS,Ω) is called special Lagrangian
if (ImΩ)|L = 0 holds. It is well known that special Lagrangian submanifolds in Calabi-Yau
manifolds are area-minimazing. Furthermore, special Lagrangian submanifolds in almost
Calabi-Yau manifolds are also area-minimazing with respect to a deformed metric cg,
where c is some positive function and g is the Ka¨hlarian metric on the almost Calabi-Yau
manifold.
By the equation
ωFS =
1
1 + |z1|2 + · · ·+ |zn|2
ωst −
i
2(1 + |z1|2 + · · ·+ |zn|2)2
n∑
p,q=1
z¯pzqdzp ∧ dz¯q,
we can see that one half of ωFS is ωst. So it is natural to try to construct a Lagrangian
submainifolds in (Cn, ωFS) from the set of Lagrangian submanifolds in (C
n, ωst).
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Let a1, . . . , an > 0, ψ1, . . . , ψn ∈ R be constants. Define r1, . . . , rn : R → R by rj(s) =√
1/aj + s2, and φ1, . . . , φn : R→ R by
φj(s) = ψj +
∫ s
0
|t|dt
(1/aj + t2)
√∏n
k=1(1 + akt
2)− 1
.
It is well know that the submanifold L in Cn given by
L = {(x1r1(s)e
iφ1(s), . . . , xnrn(s)e
iφn(s));
n∑
j=1
x2j = 1, xj ∈ R, s ∈ R}
is a closed embedded special Lagrangian in (Cn, ωst) diffeomorphic to S
n−1 × R. This is
one of Lawlor’s examples of special Lagrangian submanifolds [2]. For a treatment of a
more general case we refer the reader to [4, Theorem 1.3]. The following Theorem 1.1 is
the main theorem of this paper.
Theorem 1.1. In the above situation, L is special Lagrangian in (Cn, ωFS) if and only
if a1 = · · · = an.
We put gFS the Fubini-Study metric. In the situation of Theorem 1.1, there exists a
unique positive function c on Cn such that the mean curvature vector of L with respect
to the metric cgFS is equal to zero-vector for any point of L. It is well known that the
mean curvature vector is equal to ∆F, where F is the position vector F : L → Cn and
∆ is the Laplace operator with respect to the metric F ∗(cgFS). So we get the following
Corollary 1.2.
Corollary 1.2. In the situation of Theorem 1.1, the position vector F : L → Cn is a
solution of the following Laplace’s equation
∆u = 0,
where ∆ is the Laplace operator with respect to the metric F ∗(cgFS).
In [6], Yamamoto constructs special Lagrangian submanifolds in Calabi-Yau cones over
toric Sasaki-Einstein manifolds. In particular, explicit Lagrangian submanifols in almost
Calabi-Yau cones are obtained by [6, Theorem 3.4]. The Fubini-Study metric gFS is not
a cone metric on Cn. But by a slightly modified method of [6, Theorem 3.4], we have the
following example.
Example 1.3. Let λ1, . . . , λn, C ∈ R \ {0} be constants. Assume that λj(λj + C) > 0
for all j = 1, . . . , n. Then the submanifold given by
L = {(x1e
i(λ1+C)s, . . . , xne
i(λn+C)s);
n∑
j=1
λjx
2
j = C, s ∈ R, xj ∈ R}
is Lagrangian in (Cn, ωFS). (By the proof of Lemma 2.1 and the above assumption, L is
an immersed submanifold.) From the equation (4) in the proof of Lemma 2.1, L is special
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Lagrangian if and only if
∑
j λj + nC + pi/2 = 0. From the first part of Lemma 2.1, L is
also Lagrangian in (Cn, ωst) if and only if λ1 = · · · = λn.
Acknowledgments. The author wishes to express his thanks to A. Futaki, H. Kasuya,
Y. Nitta, M. Shibata, Y. Terashima, Y. Okitsu and H. Yamamoto for useful comments
and encouragement.
2. Proof of Theorem 1.1
In the situation of Theorem 1.1, if L is Lagrangian in (Cn, ωFS) then L is special
Lagrangian in (Cn, ωFS). So Theorem 1.1 is obtained immediately form the following
Lemma 2.1 which gives the condition for L being Lagrangian in (Cn, ωFS). The proof of
Lemma 2.1 is based on that of Joyce, Lee and Tsui [5, Theorem A] and Yamamoto [6,
Thorem 3.4].
Lemma 2.1. Let I be an open interval in R. Let λ1, . . . , λn, C ∈ R \ {0} be constants
and ωj : I → C \ {0}, j = 1, . . . , n, smooth functions. We write ωj = rje
iφj , for
functions rj : I → (0,∞) and φj : I → R or R/2piZ. We define a submanifold Σ in
Rn by Σ = {(x1, . . . , xn) ∈ R
n;
∑n
j=1 λjx
2
j = C}, and a smooth map ι : Σ × I → C
n by
ι((x1, . . . , xn), s) = (x1ω1(s), . . . , xnωn(s)). Suppose the following mild conditions that
(1)
n∑
j=1
λjx
2
j ω˙j(s)
ωj(s)
6= 0
and φ˙j(s) > 0 for any s ∈ I and (x1, . . . , xn) ∈ Σ. Then the submanifold L in C
n given by
L = ι(Σ× I) = {(x1ω1(s), . . . , xnωn(s));
n∑
j=1
λjx
2
j = C, s ∈ I, xj ∈ R}
is an immersed Lagrangian submanifold in (Cn, ωst) if and only if
(2) Im
(
ω˙1(s)ω¯1(s)
λ1
)
= · · · = Im
(
ω˙n(s)ω¯n(s)
λn
)
holds for any s ∈ I. Furthermore, L is immersed Lagrangian in both (Cn, ωst) and
(Cn, ωFS) if and only if equation (2) and
(3)
|ω1(s)|
2
λ1
= · · · =
|ωn(s)|
2
λn
hold for any s ∈ I.
Proof. Fix x = (x1, . . . , xn) ∈ Σ and s ∈ I. Let e1, . . . , en−1 be an orthonormal
basis for TxΣ in R
n, and write ej = (aj1, . . . , ajn) in R
n for j = 1, . . . , n − 1. Let
en = (
∑n
j=1 λ
2
jx
2
j )
−1/2 · (λ1x1, . . . , λnxn). Then en is unit normal vector to Σ at x in
Rn. Let e1, . . . , en−1 be chosen so that det(e1, . . . , en−1, en) = 1, regarding e1, . . . , en
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as column vectors, and (e1, . . . , en) as n × n matrix. Now e1, . . . , en−1, ∂/∂s is a ba-
sis for T(x,s)(Σ × I). Then we have ι∗(ej) = (aj1ω1(s), . . . , ajnωn(s)), for j < n, and
ι∗(∂/∂s) = (x1ω˙1(s), . . . , xnω˙n(s)). Then we compute
det(ι∗(e1), . . . , ι∗(en−1), ι∗(∂/∂s)) =
∣∣∣∣∣∣∣
a11ω1 · · · a(n−1)1ω1 x1ω˙1
...
...
...
a1nωn · · · a(n−1)nωn xnω˙n
∣∣∣∣∣∣∣
=ω1 · · ·ωn
∣∣∣∣∣∣∣
a11 · · · a(n−1)1 x1ω˙1/ω1
...
...
...
a1n · · · a(n−1)n xnω˙n/ωn
∣∣∣∣∣∣∣
=ω1 · · ·ωn
〈
en,
(
x1ω˙1
ω1
, . . .
xnω˙n
ωn
)〉
=ω1 · · ·ωn
n∑
j=1
λjxj√∑n
k=1 λ
2
kx
2
k
·
xjω˙j
ωj
=
ω1 · · ·ωn√∑n
k=1 λ
2
kx
2
k
n∑
j=1
λjx
2
j ω˙j
ωj
.
(4)
Since we have the assumption (1), we get det(ι∗(e1), . . . , ι∗(en−1), ι∗(∂/∂s)) 6= 0. This
implies that ι is an immersion. Put ω = ωst or ωFS. Define t : C
n → Cn by t(z1, . . . , zn) =
(eiφ1z1, . . . , e
iφnzn). Then we have t
∗ω = ω. Fix 1 ≤ j ≤ n − 1 and 1 ≤ k ≤ n − 1. We
compute
ω(ι∗(ej), ι∗(ek)) =ω(x1ω1,...,xnωn)((aj1ω1, . . . , ajnωn), (ak1ω1, . . . , aknωn))
=ωt(x1r1,...,xnrn)(dt(x1r1,...,xnrn)(aj1r1, . . . , ajnrn)
, dt(x1r1,...,xnrn)(ak1r1, . . . , aknrn))
=(t∗ω)(x1r1,...,xnrn)((aj1r1, . . . , ajnrn), (ak1r1, . . . , aknrn))
=ω(x1r1,...,xnrn)((aj1r1, . . . , ajnrn), (ak1r1, . . . , aknrn)).
By the above calculation and the fact that the real form Rn ⊂ Cn is a Lagrangian in both
(Cn, ωst) and (C
n, ωFS), we have ω(ι∗(ej), ι∗(ek)) = 0. So in order to find the condition
SPECIAL LAGRANGIAN SUBMANIFOLDS IN C
n
WITH FLAT AND FUBINI-STUDY METRICS 5
ι∗ω = 0, we compute that of ω(ι∗(ej), ι∗(∂/∂s)) = 0 for 1 ≤ j ≤ n− 1. We obtain
ω(ι∗(ej), ι∗(∂/∂s)) =ω(x1ω1,...,xnωn)((aj1ω1, . . . , ajnωn), (x1ω˙1, . . . , xnω˙n))
=ω(x1ω1,...,xnωn)((aj1ω1, . . . , ajnωn)
, (x1(r˙1 + ir1φ˙1)e
iφ1, . . . , xn(r˙n + irnφ˙n)e
iφn))
=ωt(x1r1,...,xnrn)(dt(x1r1,...,xnrn)(aj1r1, . . . , ajnrn)
, dt(x1r1,...,xnrn)(x1(r˙1 + ir1φ˙1), . . . , xn(r˙n + irnφ˙n)))
=(t∗ω)(x1r1,...,xnrn)((aj1r1, . . . , ajnrn)
, (x1(r˙1 + ir1φ˙1), . . . , xn(r˙n + irnφ˙n)))
=ω(x1r1,...,xnrn)((aj1r1, . . . , ajnrn), (x1(r˙1 + ir1φ˙1), . . . , xn(r˙n + irnφ˙n)))
=ω(x1r1,...,xnrn)((aj1r1, . . . , ajnrn), J(x1r1φ˙1, . . . , xnrnφ˙n)).
(5)
From the above calculation and ωst(·, J ·) = 〈·, ·〉, we have
ωst(ι∗(ej), ι∗(∂/∂s)) =Re
(
n∑
l=1
(ajlrl · xlrlφ˙l)
)
=
n∑
l=1
ajlxlr
2
l φ˙l
=
n∑
l=1
ajlxl Im(ω¯lω˙l)
=〈ej , (x1Im(ω¯1ω˙1), . . . , xnIm(ω¯nω˙n))〉
=〈ej ,
(
λ1x1
Im(ω¯1ω˙1)
λ1
, . . . , λnxn
Im(ω¯nω˙n)
λn
)
〉.
Thus ι∗ωst = 0 if and only if the equation (2) holds. This completes the proof of the first
part of Lemma 2.1.
Put τ =
∑n
p,q=1 z¯pzqdzp ∧ dz¯q. In C
n with coordinates (z1, . . . , zn), we have
ωFS =
1
1 + |z1|2 + · · ·+ |zn|2
ωst −
i
2(1 + |z1|2 + · · ·+ |zn|2)2
τ.
Therefore ι∗ωst = 0 and ι
∗ωFS = 0 if and only if the equation (2) and τ(ι∗(ej), ι∗(∂/∂s)) =
0 hold for 1 ≤ j ≤ n− 1. Similarly to the calculation (5), we obtain
τ(ι∗(ej), ι∗(∂/∂s)) = τ(x1r1,...,xnrn)((aj1r1, . . . , ajnrn), J(x1r1φ˙1, . . . , xnrnφ˙n)).
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Therefore we have
τ(ι∗(ej), ι∗(∂/∂s))
=
∑
p,q
xprpxqrq(ajprp(−i)xqrqφ˙q − ajqrqixprpφ˙p)
=− i
∑
p,q
xpx
2
qr
2
pr
2
qajpφ˙q − i
∑
p,q
x2pxqr
2
pr
2
qajqφ˙p
=− i
∑
p,q
xpx
2
qr
2
pr
2
qajpφ˙q − i
∑
p,q
x2qxpr
2
qr
2
pajpφ˙q
=− 2i
∑
p,q
xpx
2
qr
2
pr
2
qajpφ˙q
=− 2i(
∑
p
xpr
2
pajp) · (
∑
q
x2qr
2
q φ˙q)
=− 2i〈(x1r
2
1, . . . , xnr
2
n), ej〉 · (
∑
q
x2qr
2
q φ˙q)
=− 2i〈(λ1x1
r21
λ1
, . . . , λnxn
r2n
λn
), ej〉 · (
∑
q
x2qr
2
q φ˙q)
=− 2i〈(λ1x1
|ω1|
2
λ1
, . . . , λnxn
|ωn|
2
λn
), ej〉 · (
∑
q
x2qr
2
q φ˙q).
From the above calculations and the assumption φ˙j > 0, we can see that ι
∗ωst = 0 and
ι∗ωFS = 0 if and only if the equations (2) and (3) hold. This finishes the proof of Lemma
2.1. 
By this Lemma, we obtain Theorem 1.1.
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